1. Introduction. We say that the restricted cancellation law for ideals (RCL) holds in the commutative ring R if from the equation AB = AC, where A, B, and C are ideals of R and AB j* (0), it follows that B = C. RCL is a weakened form of the cancellation law for ideals (CL) : If A, B f and C are ideals of R such that AB = AC and A 9* (0), then B = C. A ring in which CL holds is an integral domain and in an integral domain, RCL is equivalent to CL.
THEOREM 1. Either R is a one-dimensional integral domain, R is a special primary ring, or R is a primary ring with maximal ideal M in which M 2 = (0).

Conversely, if S is a special primary ring and T is a primary ring with maximal ideal M such that M 2 = (0), then RCL holds in S and in T.
Proof. We suppose P is a proper prime ideal of R and that x 6 R -P. Then
[P + (x)] 4 = P 4 + P*(x) + P 2 (x 2 ) + P(x 3 ) + (x 4 ) = [P + (x)] 2 [P 2 + (x 2 )].
Because x 4 $ P, [P + (x)]
4 ^ (0) so that [P + (x)] 2 = P 2 + (x 2 ), and hence (x)P ÇF+ (x 2 ). Then if p 6 P, there exist q Ç P 2 and r £ R such that rx 2 = px -q G P so that r Ç P and There now arise two cases to consider:
Case I. For P a proper prime ideal of R and for x £ R -P,
P[P + (x 2 )] ^ (0).
Case II. There exists a proper prime ideal P of R and an element x £ R -P such that P[P + (x 2 )] = (0).
In the first case we may conclude that (x) C P -f-(x 2 ), which will imply that P is maximal, and in the second case, there exists a prime ideal P of R such that P 2 = (0). We now consider these two cases. '
Resolution of Case I. In Case I, R is not an integral domain, since (0) is not a prime ideal. If M 2 = (0), the conclusion to our theorem holds. If Resolution of Case II. In this case, there exists a proper prime ideal P such that P 2 = (0), so that P is the unique minimal prime ideal of R. If P is maximal, then R is a primary ring, P is its maximal ideal, and P 2 = (0). If P is non-maximal and AT is a proper prime ideal distinct from P, then M DP.
and as in Case I, if is maximal. If b is a non-unit of P, then for some maximal ideal N of P, 6 6 iV D P. Thus P + (6) Ç iV and by the proof of Case I we must have (b)P = P 2 + P(6 2 ) = (0). In particular if b g P, then ( 6 2 ) = (6) [(e) + P] and (#) = (6) + P, that is, PC (b). It follows that for some ideal C of P, P = (ô)C. Because P is prime, P = C and P = (6)P = (0). Therefore R is a one-dimensional integral domain. We next seek to determine necessary and sufficient conditions on J in order that CL hold in /. In particular, we shall show that J need not be Dedekind in order that CL hold in /.
It is well known that RCL holds in 5. RCL holds in T since for ideals
We first introduce some terminology. J will be called a Priifer domain if every finitely generated ideal of J is invertible. Krull has shown (4, p. 554) that J is Priifer if and only if J P is a valuation ring for each proper prime ideal P of /. Krull has also shown (3, p. 127) that / is Priifer if and only if J is integrally closed and the finite cancellation law (FCL) holds in J: If A, B, C are ideals of J such that AB = AC and if A is finitely generated and non-zero, then B = C.
J is said to be almost Dedekind if J P is a rank-one discrete valuation ring for each proper prime ideal P of J (2; 8, p. 278).
Remark. This result was communicated to the author by H. S. Butts.
Proof. Suppose £ is an element of the quotient field K oi J which is integral over /. Then the fractional ideal F of J generated by 1 and all positive powers of £ is finitely generated and idempotent. For some non-zero element d of /, dF = A is a finitely generated ideal of J. Proof. We first suppose that CL holds in /. If P is a proper prime ideal of J, Jp is a valuation ring by Corollary 1. By Theorem 1, J P has rank one. Now P C J so that P 2 C JP = P since CL holds in /. Because P 2 has radical P, a maximal ideal, P 2 is primary for P. Consequently,
It is easily shown that if w G PJ P -P 2 J P , then PJ P = (ra). Therefore J P is a rank-one discrete valuation ring and / is almost Dedekind.
Conversely, if / is almost Dedekind and {M\) is the collection of maximal ideals of /, then AB = AC implies that
Because CL holds in a Dedekind domain, BJ Mx = CJ Mx for each X. It follows that B = n BJM X = n CJM X = c.
X
Therefore CL holds in /.
In a previous paper the author has shown that / is almost Dedekind if and only if J has dimension less than two and primary ideals of / are prime powers (2). Nakano has given in (5) an example of an integral domain with unit with these last two properties which is not a Dedekind domain. so that BdD* = CdD*. Since dD* is invertible, B = C, and CL holds in D*. In (2), the author has shown that if the integral domain J with unit is almost Dedekind, if K is the quotient field of /, and if J' is a domain such that J C J' Ç K, then /' is almost Dedekind. By use of this result, we can prove one part of Theorem 3 without the assumption that the domain under consideration contains a unit. If D is a domain without unit such that D P is a rank-one discrete valuation for every proper prime ideal P of D, CL need not hold in D. For example, (0) may be the only proper prime ideal of D so that the hypothesis is trivially satisfied (1). Less-trivial examples are provided by the following lemma.
The cancellation law in integral domains
THEOREM 5. If CL holds in D, then D is an ideal of finite index in D* {i.e., D*/D is a finite ring). Conversely, if J is an integral domain with unit e in which
THEOREM 6. If P is a non-zero proper prime ideal of the integral domain D in which CL holds, then D P is a rank-one discrete valuation ring.
LEMMA 3. If A is an ideal of the Dedekind domain J, then for each non-zero proper prime ideal P of A, A P is a rank-one discrete valuation ring.
Proof. We first note that P is also an ideal of /. This is true because JP Ç J A = A so that JP is an ideal of A. Further, , where e is the identity of K, is not integrally closed (X is integral over A*, but not in A*). Hence CL does not hold in ^4*, and therefore not in A.
RCL seems to be a weak condition in rings without unit. For example, RCL holds in any ring R such that R 2 = (0).
Rings with unique ideal factorization.
As an application of the previous three sections, we consider a commutative ring 5 with unit in which there exists a collection © of non-zero proper ideals such that every non-zero proper ideal of 5 may be expressed uniquely as a product of elements of ©. It is easy to see that uniqueness of representation implies that RCL holds in 6*. In view of Theorem 1 we then easily obtain: Of special interest is the following theorem. THEOREM 
If S is an integral domain, then S is Dedekind and © is the collection of non-zero proper prime ideals of S.
Proof. If 5 is a field, both conclusions follow. If 5 is not a field, Theorem 1 implies that S is one-dimensional. To show that 5 is Dedekind, it suffices to show that every proper non-zero prime ideal of S is invertible (6) . We first show that an invertible ideal S 0 in © is prime. Thus if xy ( E So, then (x) (y) = (xy) = So A for some ideal A of S, since 5 0 is invertible. From the uniqueness of representation, 5 0 must occur as a factor either of (x) or of (y). Hence x G S 0 or y G S 0 and S 0 is prime. Now if p is a non-zero element of P and if (p) = Si S2. . . S k is the factorization of (p) into elements of ©, then each S t is an invertible element of © and therefore maximal. Because p £ P, P = Si for some i. Hence PC® and P is invertible. It follows that S is Dedekind, and consequently every element of © is invertible, therefore prime by our previous argument. This completes the proof of the theorem.
